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1 Introduction 



Let fl G t" (ji 6 N) be a bounded domain with the boundary T G C 2 , and T > 0. Let 
S be a C 2 hypersurface in f2 such that 5 fl T = and Q\S is composed of two connected 
domains f2 x and f2 2 . Denote by v(x){= (v^x),--- ,u n (x))) (resp. v(x)) the unit outward 
normal vector of f^i (resp. f2 2 ) at x G 1^ (resp. x G T 2 ) (Hence, z/(x) = — i>(x) for any 
x G S). For each 5 > and G C R™, we define 

4 (G) = {iGl n dist (x, G) < 5}. 

In what follows, we assume that 

(Oi<^<„ G C 2 ([0,T] x Hi"; R nxri ), (a«')i< -< n G C 2 ([0,T] x ^;R TOX "), 

are fixed, satisfying 

a ij '(t,x) =a>%x), V (t,x) G [0,T] x^, i,j = 1,2, • • • ,n, 
a ij {t,x) =a ji {t,x), V (t,x) G [0,T] xf^, i, j = 1,2, • • • ,n, 

and for some constant So > 0, 



(1.1) 



(1.2) 



> soiei 2 , V G [0,71 x n x 



x 



«'' J '(/..r)VV > soiei 2 , V e [0,T] x fi 2 x R™, 

where £ = (£V " 

We consider the following transmission problem for a parabolic equation: 



yi,t + ( y aij y^i)x j = h 

n 

, = /2 

»J=1 



yi = o 

2/2=0 

2/1 = 2/2 + Pi 



in (0,T) x 

in (0,T) x fi 2 , 

on (0,T) x (T^S), 
on (0,T)x(r 2 \5), 
on (0, T) x 5, 



X! = J2 "''^- ''j + & o n (0, T) x 5, 

i,j=l i,j=l 

yi( T ) = yi in ^l, 

k ?/2(T) = y 2 in Q 2 , 



(1.3) 



(1.4) 



where 

h e L 2 ((0,T) x Q,), f 2 g L 2 ((0,T) x Q 2 ), 

A G L 2 (0,T;tff(S)) n ^(0,^^3(5)), & G ^(0, T; L 2 (5)), (1.5) 

l/fei 2 (fii), y° 2 eL 2 (Q 2 ). 

The equation (1.4) is well-posed in the class: 

{ ( yi ,y 2 ) | Vi G C([0, T]; L 2 (Q t )) n C((0, T]; fT 1 ^)), ^(o.TMrAS) = 0, i = 1, 2}. 
In what follows, we assume that a> is an open subset of Q such that 

i = 1,2. (1.6) 

The main purpose of this paper is to derive the following type of a priori estimates, i.e., 
Carleman estimates for solutions to (1.4): 

2 rT 



E / / (W a y* + W i2 \V yi \ 2 )dxdt 
i=1 Jo JCli 

^ C \J2 f ( I W ^i+ I W l4 f 2 )dxdt 
1 i=1 Jo v Juinfti Jfti J 



(1.7) 



+ |W / 5 /?i| 2 3 1 + WMw-toT-V 



1 L 2 (0,T;H? (SJJnff 1 (0,T;H2 (S)) 



for some suitably chosen (parameterized) weight functions Wn, W i2) W; 3 , W i4 (i = 1,2), W 5 
and Wq (which are positive almost everywhere). Here and henceforth, C denotes a generic 
positive constant which may vary from one line to another. 

Carleman estimate is a basic tool to solve many problems in partial differential equations, 
say uniqueness in Cauchy problems ([5, 15]), inverse problems ([6, 8]), control problems 
([4, 13, 14]), and so on. Especially, there are many works addressing Carleman estimates 
for parabolic equations with smooth diffusion coefficients (e.g., [2, 4, 12]). Nevertheless, 
very little are known for the Carleman estimate for parabolic equations with non-smooth 
diffusion coefficients. In this respect, as far as we know, [1] is the first paper establishing 
global Carleman estimates for the equation (1.4) when 

(a iJ )l<i,j<n = din, (a tJ )l<i,j<n = 0,I n (1.8) 

for some time-independent functions a G C 2 (f2i) and a G C 2 {Vt 2 ) (I n stands for the n x n 
identity matrix), and the following monotonicity condition holds: 

a\ s > d\ s - (1.9) 

By means of the microlocal techniques, the recent work [7] obtained several interesting local 
and global Carleman estimates for the equation (1.4) when S G C°° and the assumption 
(1.8) holds for some time- dependent functions a G C°°([0, T] x H7) and a G C°°([0, T] x f^) 
without the monotonicity condition as (1.9). 
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In [7], an open problem was posed to derive Carleman estimates for the equation (1.4) in 
the presence of jumps of the diffusion (coefficient) matrix at the interface S. The present work 
aims to give an affirmative answer to this problem under considerably weak regularities on 
the involved data, say a u , a lJ and S. For this purpose, we need to derive a careful pointwise 
estimate for parabolic operators, and to construct a suitable weight function that will be 
used in the Carleman estimates. It turns out that our approach is rather elementary. 

The rest of this paper is organized as follows. In Section 2, as a preliminary, we establish 
a crucial pointwise estimate for a class of parabolic operators. As another key preliminary, 
we present a construction of the desired weight function in Section 3. Then, in Section 4, 
we show a global Carleman estimate for the equation (1.4) with time-independent diffusion 
coefficients. Finally, in Section 5, we derive local and global Carleman estimates for (1.4) 
with general diffusion coefficients. 

2 A pointwise estimate for parabolic operators 

Let Q C M. n be a bounded domain with the C 2 -boundary. For any function ip e C 2 ([0, T] xH), 
parameters A > and /x > 0, and positive number d > iV^L^o^xn)' put 

flip nip _ yd 

<P=^ \j <* = — \ , 9 = e Xa . (2.1) 

Y t{T-ty tir-t) 1 K J 

In what follows, for a positive integer r, we denote by 0(/i r ) a function of order // for large 
/i (which is independent of A and T); by M (A r ) a function of order A r for fixed \i and for 
large A, which is independent of T, either. 

For any (6^')i<ij<„ G C\[0,T] x f2;M" x ") satisfying 

b ii (t,x) = b>%x), V (t,x) G [0,T] x Q, i,j = 1,2,- ■■ ,ra, (2.2) 

n 

we have the following pointwise estimate for the parabolic operator d t + ^ b lj d XiXj . 
Lemma 2.1 Let u e C 2 ((0,T) x Q) and v = 9u. Then, for any e > 0, it holds that 



u t 



+ biju *i* 



(2.3) 



Here 



e 1 
> +divV +-M t + V c ij v x .v x . + Bv 2 

~ 8X(fi 2 1 3 

-C(s\{i 2 + ^ + A/x+ Xfi + fi 2 ^(p\Vv\ 2 . 



M = AW 2 V j M Xj v 2 ~ Xatv 2 - bij V*i ' ^ 

i,j=l i,j=l 
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r v = {v\ ■■■,v n ), 

n n n 

V> = Y [b ij v Xi v t - X^(2b ij v Xi b ke i> Xk v Xl - V^ Xi Y b ke v Xk v x ^j 



i=i 



k,e=i 



k,e=i 



2X^b ij v Xi b k£ M Xe v - X 3 fi 3 <p 3 ^ Xi v 2 
k,e=i 



k,e=i 



+ X 2 ^ipa t b ij ip Xi v 2 ^ , 

n 

= X W [f^ kl ^ Xl - b^(b k ^ Xk ) Xe - b%b k ^ x ) + 6? 
k,e=i 

n 



kl=l 



and 



n 2 n n 

B > \ 3 nV(Y b ij M Xj ) + AW( Y b ij ^ Xj Y ^ '•").,, 

i,j=l i,j=l k,i=l 

n 1 " 1 

- 2\ 2 /j, 2 ip((p t - a t ) Y b l3 ^ Xi ^ Xj - ^AVV 2 Y bt^x^ + ^Xa 



2 r r / j l t <ij % t ^ 

i,j=l 
n 2 

A 2 /V<w ^(7/V,J,.. - 2AW( E //V '-) - 2AW( J] ''"' V, 
= AVV( E / '"'-''o) 2 + AV 3 0(^ 3 ) + AVW) + M (A 2 ). 



Proof: We borrow some idea from [3, 8, 9, 10]. It is an easy matter to see that 
6u t = v t - Xa t v, 9u Xi = v Xi - Xfnpip Xt v, 

0u XiX = v XiX - 2Xfj,(pip Xi v x + X 2 /j, 2 ip 2 ip Xi ip x v - Xn 2 iptfj Xi ip x v - Xnipip XtX v. 



Write 



h=Y b ij v XiXj + A 2 /iV Y b ij ii Xi 4> Xj v - Xa t v, 



I 2 = v t - 2Xfup Y b lJ ip Xi v Xj - 2X/j, 2 (p Y b lJ ^ Xi ^ Xj v, 



n n n 

J 3 = 6>(w t + b t] u XtX ^j - Xfj, 2 (p Y b l3 i> Xi i> Xj v + \fjup Y b l3 i> XiXj i 



Then, we see 1\ + Ii — I 3 , which implies that 

II > l\ + 2IJ 2 . (2.9) 
By virtue of the Cauchy-Schwartz inequality, we have that 



H < 26 2 (u t + Y h ' J "r;) + 4AVV 2 ( E h " < ■■■■;< ■■:) 

i,j=l i,j=l 

+ 4avv 2 (E^)V. 

Now, 

n n 

hh = ( E bijv ^ + AW E ^ j ^xiip Xj v - Xatv^j 

i,j=l i,j=l 

n n 

(v t - 2\^(f Y V'lfrxiVzj - 2\[i 2 <p Y WlpxilpZjV) 



X 

i,j=l i,j=l 
n n n 

Y ^ '•<•> <•.'•> - - A /'r Y 1)1 E bke ^ 

i,j=l i,j=l k,£=l 



x k v x e 



v 2 



(2.10) 



(2.11) 



-2A//V Y bijv *i*i E ^Vxfc^u + A 2 //V E V^xrfxjVVt 

i,j=l k,i=l i,j=l 

n n n , 

-2AW £ b'^x^v Y bki ^ xi ~ 2\ 3 ^V(Y 

i,j=l k,£=l i,j=l 

n n 

-\a t vv t + 2X 2 ^Lpa t Y ^tpxiVxjV + 2\ 2 fj 2 Lpa t Y b %3 i) Xl i) X] v 2 . 

i,j=l i,j=l 

Denote the terms in the right hand side of (2.11) by Jj, i — 1, 2, • • • , 9, respectively. Then 
Ji reads 



■h = Y ( //? '■<•.'•/)., - Y b % v *i v t - E b%3v ^ v ^ 

i,j=l i,j=l i,j=l 

n n 1 n 1 n 

= E (Vv^) - Y b %Vt - o E (» J i-. i--X + o E 



(2.12) 



<./ • 2 ^ 1 J/ * 2 

i,j=l i,j=l i,j=l i,j=l 



Also, 



By (2.2), we see that 

n n 

J 2 = -2\fi(p E b ij v XiXj E b ki ip Xk v X( 
i,j=i k,e=i 

n n n 

= -£ ( 2A /^x E hH ^) x . + 2 vv( E 

ij=l fc,^=l J i,j=l 

n n n 

+2\w e E 6fe v, fe ^ + ^ E ( &fe ^ 

ij=l fc,£=l 

+b ij v Xi E b U i) Xk v XlXi 



IXj V X t 



k,t=i 



kl=l 



n n n 

- E (2A/^X E b u ^ Xk v Xt - Xyupb^^. E b^v^v^ 
ij=i k,e=i k,e=i Xj 

) + e E ^ 

i,j=l «J=1 fe/=l 

n n n n 

+ 2A/iv? E E (b H ^ Xk ) Xj v Xl - Xfi 2 <p E b ij v Xi v Xj E & fc V* fc ^. 

i,j=l fe,£=l i,j=l k,£=l 

n n n n 

- *w E v *i v *> E ( 6fc Vxjx, - a^ E E K v ^b u ^ Xk . 



i,j=i k,e=i 



i,j=i k,e=i 



(2.13) 



n n 

J 3 = -2X/i 2 <p E // * V <•••<•. E b U ^x k ^x t v 

i,j=l k,£=l 
n n n n 

= -(E 2 W*X E b U ^x t v) x +2A/iV E // '''-'^ E (2-14) 

n n n n 

+2A/iV E E ^Mx t v + 2A^ 2 E v(V E x ■ 

i,j=i k,e=i i,j=i k,e=i Xj 



Further, 



it 

J 4 = X 2 /i 2 ip 2 Y b l3 i\) x Al) Xj vv t 

1 n n 

= 2 ( A W E / '"'-'^.V,r 2 ) ; - AV W E b'Hx^v 2 (2.15) 

ij'=l i,j=l 

-±aw E tf'iM.y - aw E ^'«^ 2 - 



The J 5 satisfies 

j 5 = -2aw e bij M*i v E 6fc ^ 

i,j=l k,t=l 
n n 



= - E (ww*^ E fofc v,y) x + 3A 3 /iV 3 ( E ^ '•-'••-,) ^ 2 (2.16) 



i,j=l fe,€=l X£ i,j=l 



i,j=l fe,€=l 



V 2 . 



It is easy to see that 

J 6 = -2AW( E / ''''-V<v) ^> (2-17) 

J 7 = -\a t vv t = -^(Xa t v 2 ) t + ^Xa tt v 2 , (2.18) 

and 

n 

J 9 =2AV W ^l) ! > l! i 3 D 2 . (2.19) 

Finally, 

n 

J 8 = 2\ 2 fapa t ^ V 3 ii> Xi v X jV 

n n n 

= (\ 2 fjup<*t E bii ^i y2 ) - (^w^cit E 6ij v*y - ^wxxtxj E ^'^y 

i,j=l J i,jr'=l i,j=l 

n 

n n n 

= (A 2 /^^ b ij ip Xi v 2 ^) - \ 2 fi 2 tpa t b ij ^ Xi ^ Xj v 2 - \ 2 ii 2 Wt E b ij ip Xi il> Xj v 2 

i,j=l 3 i,j=l i,j=l 

n 



-\ 2 j2tpa t Y^{V j i) Xi ) Xj v 2 . 
Noting that for any a, b e R, |a + 6| 2 > |a 2 — 6 2 , we find that 



(2.20) 



k 2 > k*| 2 - 4AW| £ 2 - 4AW| £ tfty. 4 lM *. (2.21) 



ij=l i,J=l 



Consequently, we have for some e > (which is fixed but very small), that 



-I > 



2\ip z ~ AXip 



v t\ 



2 - |V^| 2 |Vu| 

C([0,T]xf!)' rl 1 1 



> 



2 -|V^|>| 2 

C([0,T]xfl)' ^111 



CeAAiVlVur - CA//VM ■ 



Further, 



< 



c 



8A<^ 

£ 

8Ay? 



+ -A^yiv^'i 2 ^ivv 



< ^— M 2 + — Ay?|Vt>| 2 . 



Also, 



n n 



2aa?E E (^Mx.+^Mx^+^^M^ 



i,j=l k,£=l 



< cf^tp^T \b ij \ „ , - |Vd 2 + AVvV |V6 <j '| „ , -hi 



.2,_iv7„.|2 



< C//V|Vv| 2 + CAWkl 2 , 



and 



ij=i k,e=i i,j=i k,e=i 



< 



C([0,T]xH) 



Vv| 2 + CA/xy? \ bij 



C([0,T]xQ) 



Vv\ 2 < CXii(p\S/v\ 



(2.22) 



(2.23) 



(2.24) 



(2.25) 



Combining (2.12)- (2.19), (2.9), (2.11), (2.21)-(2.25), we obtain the desired inequality 
(2.3). This completes the proof of Lemma 2.1. □ 



3 Construction of the weight function 

In this section, we present a construction of the weight function that will be used to establish 
the desired Carleman estimates. We have the following result. 

Lemma 3.1 Assume that (1.1)— (1.3) and (1.6) hold. Letuj-i C uHQi (i = 1,2) be nonempty 
open subsets such thatuJl C uHQi. Then, there exist a function e C 2 {VL2), cl positive integer 
L and functions 4> l G C 2 ([te, te+\] x Qi) with te — ^f, t — 0, 1, • • • , L, such that 
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(1) (f> e > in [t£,te+i] x Q ± and cf> > in fi 2 ; 

(2) (f> e = on [te, t e+1 ] x F 1 and 4> = on T 2 ; 



(3) | V^| > in [te, U +1 ] x and | V</>| > in Q 2 \ w 2 ; 



n n 



(4) ^tfx&j = ^faifej on Mm] x s - 

i,j=l i,j=l 

Proof: By [4, Lemma 1.1, p. 4], there is a function (f> G C 2 {VL 2 ) such that 

<p > in fi 2 , 

= onr 2 , (3.1) 



|V0| > in fi 2 \ w 2 . 

Let us extend a*- 7 (1 < i, j < n) to be a C 2 function on [0, T] x (O^S 1 ) Uf2 2 ) and denote by o y 
the extended function, where e is a sufficiently small positive number such that (a u )i<jj< n 
is still a uniformly positive definite matrix on [0, T] x (O e (S) U VL 2 ). Further, we extend the 
above to be a C 2 function on O e (S) UQ 2 and denote by 4> itself the extension. Since |£ > 
on 5 (Recall that z/(x) = — v(x) for x G 5), there is an e x G (0,e] so that 

^ a^<^. > 0, for all (t,x) G [0,T] x 



Let us choose a (time- independent) £ G C 2 (f2i) such that £ > in and £ = on F 1 . It 

<9i/ 



follows from |£ < on 5 that there is an e 2 G (0, £i] such that 



Then, we see that 

g =( v^' =1 »7TT >0 m [o,T] x(nTn 0^,(5)) 

and <j G C 2 ([0, T] x (H^n O e2 (£))). We extend ? to be a positive C 2 function on [0, T] x H7, 
and still denote by q the extension. 

Put £ = Then, £ G C 2 ([0,T] x HT), £ > in [0,T] x fi x and £ = on [0,T] x IY 
Further, 

n n n 

J2 = ^ J2 h ^<-.4 = J2 ~ aij M*i > for each (*> e [°> T i x - s - ( 3 - 2 ) 

i,j=l i,j'=l ij=l 

In what follows, we will construct the desired function <p e based on £. The method is very 
similar to that of [4, Lemma 1.1, p. 4 and pp. 20-22]. However, we give the detail here for 
the sake of completeness. 
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First, by || < on [0, T] x S, we may find a small S 1 > such that Os L n wi = and 

ci = min f > 0, c 2 = min |Vf | > 0. (3.3) 

[t,x]e[o,T]x(n 1 \o Sl/2 (r 1 )) [t,x]e[o,T]x(n 1 no Sl (r 1 )) 



Let x e C°°(fii£]0, 1]) be such tha^; = 1 in Oa l/2 (ri) n fii and x = in fi x \ O tfl (ri). By 
(6C 2 ([0,T] x H7) CC([0,T]; C 1 ^)), we may find a (large) positive integer L such that 

|£(V)-£(s,0lci(nD <min (| C2 _ ), VMGfeM, (3.4) 



c 1 (no- 



where te = ^f, £ = 0,1, ■ ■ ■ ,L. 



L 

Put 



X = {x G Qi | V£(t,ar) = for some * G [0,T]}. 



By (3.3), we may choose an 0{M){c Qi) to be a neighborhood of M such that 0(.M) C 
^i \ Os 1 (T 1 ). By virtue of the density of Morse functions in C 2 (f2i) (see [11, page 37]), for 
the above ti, one can find a sequence of Morse function {^l}^ =1 , such that converges to 
£(te,-) strongly in C 2 (Qi). Let 

A(t,x)=Zl(x)+x(x)[Z(t,x)-Zl(x)]. (3.5) 

Obviously, for any t G [0,T], 

[ £(t,x), xGO^iDno, 

and p e k (U, •) converges to •) strongly in C 2 (VLi). By (3.4), it follows that 

p{{t, x) = £(t t , x) + [l- X (x)} [Cl(x) - Z(U, x)} + X (x) [£(t, x) - x)\ 

> ^(te, x) - |^(.) - ^(te, Olc(ni) " l£(*> " £fe OlcHnT) 

>ci- i^(o - oiocni) - ie<*, •) - oic^ 

> | - l&CO - £fe OI C (ni). v M e Mm! x (ni\Q^(f0). 

Hence, there is a sufficiently large A; > such that for any k > k , 



(3.7) 



^ > in Qi \ Oi l/2 (ri), 

|V^|>0 m^nO^), (3-8) 
p e k > in [t*,f/+i] x fii. 
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By (3.4) again, we see that 

\w k (t,x)\ = \ve k (x)+v x mx)-e k (x)}+ x vmx)-t;t(x)}\ 

>|V^(x)|-|xlci(l5)ie(*,0-^(0lci(l5) 

> \Vt(t t ,x)\ - \Vt(t t ,x)-V? k (x)\ - IxlcH^m,-)-^-)^) 

-McW^O -f(*>Olci(fil) 

> x)\ - (1 + Ixlc^Mte, •) - (OlcTidE) 

-Ixlci(ni)l^0 -C(*.0lci(ni) 

vm g M m ] x (n^o^r!)). 

Hence, there is a sufficiently large fci > ho such that for any k > k±, it holds 

|Vp|| > o in [t £ ,t m ] x (fii n Oi^ro). 

Put p e = p k . Noting that is a Morse function, by (3.6) and (3.10), we see that p ( 
Morse function with respect to x in the cylinder [t^t^+i] x Vti and 



{x G | \Vp\t,x)\ = 0} C ftiXO^rO, for all i G [t e ,t e+1 \. 

Utilizing (3.6), (3.8) and (3.10), we find that 

{x G Q 1 | |Vp £ (t,x)| =0} = {xen 1 | \V&(x)\ = 0}, for all t G 

Further, by (3.2), (3.6) and (3.8), it is easy to see that 

p l > in [t e ,t e+1 ] x tti, 

p e = on x Ti, 



j,j=l i,j=l 



(3.9) 



(3.10) 
, ■) is a 



(3.11) 



(3.12) 



Denote by V = {37, x 2 , • • • ,x m } the set of critical points of p with respect to x in 
[ti,ti + i] x fix and by {2/1,2/2, ••• ,y m } a subset of u)\. Note that, in view of (3.11), V is 
actually independent of t. Let 71, 72, • • • , j m be simple and C°°-curves in f2i such that 



7i(s) G fii, Vs G [0, l],7i(si) 7^ 7i(s 2 ), Vsi,s 2 e [0, 1] and si 7^ s 2 i = 1,2, 
7i(l) = Xi,7i(0) = j/i i = l,2,---,m; 
7*(«i) ^ 7i(s 2 ), Vi ^ j, si ^ s 2 G [0, 1]. 



,m; 



(3.13) 
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Then th ere exist a sequence of functions {r]i}Zi C C 2 (fii;M n ) and {ft}™! C Co°(^i \ 
Os 1 (ri)) such that 



ds 



Vi(li(s)) in [0,1], i = 1,2, - •• ,m; 



supp ^ n supp ft =0, j; 
. ft(7i(«)) = 1 in [0, 1], i = 1, 2, • • • , m. 



(3.14) 



Let 



= Qi(x)r)i(x). 

Let us consider the following ordinary differential equation: 

d/X _ _ - , _ 
^ = V^(x), s>0, 

x(0) = Xq. 



(3.15) 



This defines an operator <%(•) : f2 x — > Qi as S , j(s)(x ) = x(s), where x(s) solves (3.15). 
It follows from (3. 13)-(3. 15) that for any s G [0,T], 



s j( s )(yi) = V%, i,j = 1,2,- •• ,m, i ^ j. 



Let 



£ (x) = p'(<7 m (a;)), ^ m (x) = 5i(l) o 5 2 (l) o 5 3 (1) o • • • o 5 m (l)x. 
By means of the second condition in (3.14), we conclude that 

Si(l)x = x, Vrr e 5l (Ti) nfii, i = 1,2, • • • ,ro. 

Therefore, 



<^ = 



on x r x ; 



(3.16) 
(3.17) 

(3.18) 



ij'=l i,j=l 

Denote by $ the set of critical points of <f> e . Since g m (-) : ill — >■ Oi is a diffeomorfism, we 
have 

$ = {xefii |<7 m (rr)eP}. (3.19) 

By (3.14) and (3.17), we have 

9m{y%) = 9m(li(0)) = Xi E V, i = l,2,---,m. (3.20) 
Finally, from (3.19) and (3.20), we find that $ C uj\. Then, we see 

|V<//| > in [t e ,t e+1 ] x 



which completes the proof. 
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4 The case of time-independent diffusion coefficients 

In this section, we consider the special case that both (a l ^)i<i,j< n an d (d? 3 )i<i ; j< n are time- 
independent. In this case, from the proof of Lemma 3.1, it is easy to see that there exist 
two (time-independent) functions £ C 2 (ili) and £ C 2 (Vt 2 ) such that: (1) > in Qi 
and > in fi 2 ; (2) = on T 1 and = on T 2 ; (3) |V0| > in fV\^i and > in 



fl 2 \ u 2 \ and (4) ^ 



a lJ (f> Xi <t> Xj 



^2 a 13 (f) Xi 4> Xj on 5. 



i,j=l ij=l 

For any parameters A > and /i > 0, put 



?v4 



M(l < / > lz, 00 (n 1 )+l<^lz,oo(r! 2 )) 



*(T-t)' 



V = 



t(T - i) 



ct = 



6 = e Xa , 
6 = e x& . 



(4.1) 



t(T-ty ~ *(^-*) 

We have the following global Carleman estimate for solutions to the equation (1.4). 

Theorem 4.1 Assume that the diffusion coefficients {a> l3 )i<i,j< n a nd {o> l3 )i<i,j<n are time- 
independent, and (1. 1) — (1.3) and (1.6) hold. Then, there exists a /x > such that for any 
A* > A*0; one can find a A = A (/i) > so £/iai /or any A > A , and each (i = 1,2), f and 
Pi satisfying (1.5), the corresponding solution to (1.4) satisfies 



c [ [ e 2 fldxdt + caV / / e 2 cp 3 y 2 1 dxdt 

Jo Jci! Jo JuinQj 



+c 



9 2 f 2 dxdt + C\ 6 n 



3, ,4 



o Jn 2 

T 



9 2 (p 3 y 2 dxdt 



> 



+CX 

+c 

o Jn 

+ 



H?(S) 



o Ju>nn 2 



a + aw 

H 2 (5) 



\ a t\ 



H?{S) 
T 



dt 



Hip 



-0: 



:dSdt+ [ [ -^—\(3 2t \ 2 dSdt + CX 3 fi 3 [ [ 9 2 v 3 fi 2 2 dSdt 
Jo Js <w ' Jo Js 



(4.2) 



-^-9 2 \y lt \ 2 dxdt + [ [ 9 2 (\ fJ 2 ip\Vy 1 \ 2 + \ 3 fi 4 ip 3 y 2 )dxdt 
i *<P Jo J^ 



-l^e 2 \y 2tt \ 2 dxdt 
o Jn 2 -V 



# 2 (A/rV|Vw 2 | 2 + \ 3 ^fy 2 2 )dxdt. 



'o Jn 2 

Proo/. We divide the proof into several steps. 

Step 1. Let VL = fl 1 , u = y x , v = 9y x , {b l3 )\<ij< n = (a lJ )i<i,j<n, i> = 4> and d = 
|0|L°°(f7i) + |0|l°°(q 2 ) i n Lemma 2.1. By Lemma 3.1, there are a \i\ > and a Ai = Xi(/J>i) > 
so that for all /J, > /ii and A > Ai, it holds that (Recall (2.6) and (2.7) for c l] and B, 
respectively) 

c^' > C\fi 2 ipb ij in (0, T) x (f^ \ 

B>C\ 3 fi 4 <p 3 m(0,T)x(n 1 \uj 1 ). 
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Thus, one can find a sufficiently small e > 0, a C\ > 0, a yU 2 = A*2( £ ) > A*i an d a A2 = 
A 2 (/^i) > A 2 , such that for all fi > fx 2 and A > A 2 , it holds that 

n » 

J] c ij ^^-C^A/i 2 +-+A / u+A / u+ / u 2 ^|Vf| 2 > CiA/xVlVfl 2 , in (0,T)x{Q 1 \lo 1 ). (4.4) 

From (4.3) and (4.4), one can find a positive constant C 2 = C 2 (e), such that for all /x > // 2 
and A > A 2 , it holds that 

V c ij v v + Bv 2 - c(sXfi 2 + - + Xfi + Xn + fi 2 )^\Vv\ 2 

£1 V £ ' (4-5) 

> C 2 (A^V| Vv\ 2 + A^VV) in (0, T) x (fi x \ 

Then, by integrating the inequality (2.3) in (0,T) x and noting (4.5), from (2.4)-(2.5) 
and the choice of 6>, we find that 

C / / 6 2 f 2 dxdt + C [ [ (X^ 2 ip\Vv\ 2 + X 3 ^^ 3 v 2 )dxdt 
Jo JQi Jo Juji 

> [ [ -^\v t \ 2 dxdt+ [ [ divVdxdt (4.6) 
Jo Jq 1 8Xip Jo J Ql 

+C 2 [ [ (Xfi 2 ip\Vv\ 2 + X 3 fx 4 cp 3 v 2 )dxdt, 

Jo Jui 

where 

div Vdxdt 




'0 JQl 




[a ij v Xi v t - X^(2a ij v Xi ^ a M <p Xk v Xl - a ij (p Xi ^ 

'° Jr i i,j=l * k,e=l k,£=l 

n n 

- 2Xn 2 (pa ij v Xt J] a M (j) Xk <p Xl v - X 3 /j, 3 ip 3 a ij (f) Xi v 2 ^ a ke <p Xk <p Xe 
k,e=i k,e=i 

+X 2 /j,<fa t a %3 (j) Xi v 2 VjdTidt. 



Now we analyze the terms in the right hand side of (4.7) one by one. First, 

y~] a^v^VtUjdTxdt 
1 ij=i 

9 2 V] a* 3 (\fj,<p<f> x .y 1 + y M J(Aa: t yi + y ltt )ujdSdt 
' ij=i 

6> 2 V] a u (fj,(p<f> Xi yiyi t t + a t yiyi, Xi )vjdSdt 

ipa t 9 2 V a i3 $ x% y\v d dSdt + / / # 2 V a^y^y^dSdt. 



(4.7) 



(4.8) 
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Next, we have 

rT 



nil II 
i i,j=i k,e=i 

nT n n n 

-2Xfi / / V^ 2 E E a^V^A/Ut/^t/i + yi, Xi )(fy<P<l>xtyi + yi.xJvjdTidt 

JO JTl • -_i r »_, 



' i,J = lfe/=l 

„T i- n n 

'0 A 



= -2A'V 3 / /</? 3 2 E E aVa^fa^yjvjdSdt (4.9) 



<p0 2 Yl Yl ^^^yi^yi^jdVxdt 
- 1 ij=i k,e=i 

nn n 
l P 202 aijaU yMx k KVi,xi + <t>x k <t>xiViix t )vjdSdt. 

i,j=l k,e=l 



Further, 



V / / ^ E a%3 ^ x i E aMv x k v Xl VjdTidt 



<f0 2 Y E ^ 3 ^ U ^>xi{Xw4>x k y\ + yi, Xk )(\(J,tp4> Xe yi + y^VjdFidt 
-i i,j=ik,e=i 



= AV 3 / T / y? 3 # 2 V V a^a^M^UjdSdt (4.10) 

'0 ^ y=lM=l 
^X 1 p n n 



nn ii 
i,j=i k,e=i 

nn n 
<p0 2 E E aij ^^yi^yi^jdY^t. 



Further, 



nn n 
V E E ^^^xk^xeVxiVUjdFidt 
-i i,j=lfc,£=l 

nn n 
^ 2 E E aU $x k $x t (Xw$ Xi yx + yi, Xi )yiVjdTidt 
-'i i,j=ik,e=i 

nn n 
V 202 E E ^^xi^xAxtVt^jdSdt 
i,j=l k,i=l 



nn n 
^0 2 E ^a^^^y^yxVjdSdt. 
i,j=i k,e=i 
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(4.11) 



Also, we have 



nn n 
^ E E ci ij a M <p Xi (l) Xk (l) Xl v 2 v ] dT l dt 
- 1 ij=i k,e=i 

nn n 
E E ^a^^^yjujdSdt, 
i,j=i k,e=i 



and 



From (4.7)-(4.13), we end up with 

ndiv Vdxdt 
!l 



6> 2 V a %1 (Xfi(p<l> Xi yiyi,t + Xa t y 1 y 1 , x .)i' j dSdt 

nn „t r. n 

ipa t 9 2 V a^^yjvjdSdt + / / 9 2 V a^y^y^dSdt 
i,j=i Jo Js ij=l 

nn n 
(Ay? 3 + y? 2 )# 2 E E ^^ l ^M^V>i<JSdt 
i,j=l fe,€=l 

nn n 
^ E E ^ ^[^xkVi^ - ^yi^yi^jdFidt 
- 1 i,j=i k,e=i 

-2A/i 2 / / (\<p 2 + ip)6 2 E ^a M <PxJ Xe yi, Xl yi^dSdt. 

J J S A A — 1 I, D 1 



(4.12) 



nn r. n 

<pa t V a ij (j> Xi v 2 Vj dTidt = X 2 /j / / y?a t # 2 V a i3 4> Xi y\vjdSdt. (4.13) 

i,7=l ^ i,7=l 



(4.14) 



i,j=i k,e=i 
Step 2. Next, we set 

P ~fJ-<t> P ~ a <t> _ p "(l</ , U°°(n 1 )+l^lL°o(n 2 )) 

* = i(f=ij" ^ ^ • ' = < 4 - 15 ' 

It is easy to see that 

(p = <p, a = &, 9 = 8, on (0, T) x T 1 . (4.16) 

Using a similar argument to obtain (4.6) and (4.14), we can find three positive constants 
/i 3 = £t 3 (e), A 3 = A 3 (/i 3 ) and C 3 = C 3 (e), such that for all \x > /i 3 and A > A 3 , 

C / / 9 2 f 2 dxdt + C [ [ {X^ 2 ^\Vv\ 2 + X 3 fi 4 3 v 2 )dxdt 

JO Jfl! JO Juii 

> [ [ -^—\v t \ 2 dxdt + [ [ divVdxdt (4.17) 
Jo J cii SXif Jo J Ul 



+C 3 f [ (X/2 2 0\Vv\ 2 + X 3 /i 4 (p 3 v 2 )dxdt, 
Jo JQi 
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where v = 9yi, and 

r-T 



div Vdxdt 

JQi 
"T 



6 2 V] a u ( - Xfj4><f> Xi yiyi,t + \a t yiyi,xi)vjdSdt 
- ij=i 

-2AV / T / ^a t 9 2 Y j a i ^ Xi ylv j dSdt+ f [ § 2 V a i 'y 1>Xi y 1 , t u j dSdt 
Jo Js iJ=1 Jo Js iJ=1 

nn n 
(Ay3 3 + <^ 2 )(? 2 £ £ ^^^ylujdSdt 
i,j=i k,e=i 

nn n 
^ 2 Yl aijaM [ 2 ^ k vi, Xi - <Px l yi,x k ]yi,x e v j dT 1 dt 
-'i i,j=lfc,£=l 

(Ay3 2 + ^)fl 2 ]T ]T aWfc^y^y^dSdt. 
ij=i k,e=i 

From (4.6), (4.14)and (4.17)-(4.18), and noting (4.16), we obtain that 

T /• /-T /• 

2 , n2\f2i„i+ , /"< / / M..2_|V7„,|2 , \3,,4, „3„,2> 



"T /■ n pT 



(4.18) 



C/ / (d 2 + d 2 )ffdxdt + C / (A/iV|Vv| 2 + \ 6 ^<p 6 v 2 )dxdt 
Jo JQx Jo Joji 

+C I [ (\fi 2 0\Vv\ 2 + X 3 fj, 4 <p 3 v 2 )dxdt 

Jo Joji 

J J ^\ v t\ 2dxdt + min ( C ^ C 3) J J (A/iV|Vu | 2 + \ 3 n 4 v 3 v 2 )dxdt ^ AAQ j 



2 a t V a ij y 1 y 1 , Xi u j dSdt + 2 / # 2 V a^y^y^dSdt 
i,j=i Jo Js ij=i 

nn n 
(A(^ 2 + y?)# 2 ^ ^ of'cFfe^y^yii/jdSdt. 
i,j=i k,e=i 

It is clear that 

^ 2 (|V yi | 2 + A/iVM 2 ) < |Vt;| 2 + A/iW < C^(|Vi^| 2 + A/xV 2 bi| 2 ) (4.20) 
and 

^ 2 (|V yi | 2 + A/i 2 ^ 2 !^! 2 ) < \Vv\ 2 + Xfi 2 2 v 2 < C0 2 (\V yi \ 2 + \fi 2 2 \ yi \ 2 ). (4.21) 

Choose an open non-empty subset u 3 (of Qi) such that aJf C u 3 and tjj C oj D Oi , and a 
cut-off function g G C 3O (co'3) satisfying <? = 1 in Wi and < g < 1 in w 3 . Multiplying the first 
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equation in (1.4) by g9 2 (pyi and integrating it in (0,T) x Qi, using integration by parts, we 
get 

"T f r-T r- r-T 

]2|V7„. |2j„j +/ rr\2„2 / / /)2 2.2 , , ^ / / /i2f2. 




ip6 z \V yi \ z dxdt<CX 2 ii 2 / 9 2 <p 2 yidxdt + C / 6 z f(dxdt. (4.22) 

'0 Jon Jo iw 3 Jo i^i 

Noting that 

V? > and > 0, in (0,T) x fi l5 
from (4.19)-(4.22), we obtain that 

c [ [ e 2 fldxdt + caV / / e 2 ^y\dxdt 



> [ I -^-\v t \ 2 dxdt + min(C 2 ,C 3 ) f f 9 2 (Xfi 2 ip\ V Vl \ 2 + X 3 ^y^dxdt 

Jo Jn! °X(f J J Ul 

nn rT r n (4.23) 

9 2 a t V a ij y 1 y 1 , Xi u j dSdt + 2 / 6 2 V a^y^y^dSdt 
ij=l J o J S i,j=l 

nn n 
(Ac/? 2 + v?)# 2 ^ ^ a^a^J^y^y^dSdt. 
ij=i k,e=i 

Step 3. Let = fi 2 , u = 1/2, (b lJ )i<i,j< n = (a u )i<i,j<n, V = <t> and d = |0U°°(fii) + |0|L°°(n 2 ) 
in Lemma 2.1. By a similar argument to obtain (4.23), for any small e > 0, there exist a 
Ha = / i 4(^) ! a A 4 = A 4 (/z 4 ) and a positive constant C 4 = C 4 (e) such that for all /i > /i 4 and 
A > A 4 , it holds that 

52/2r7 + , ^\3,,4 / / /)2~3„,2, 



c / / e 2 fidxdt + ca v / / e 2 ^ y z 2 dxdt 

Jo Jn 2 Jo Ju>nn 2 



^11 7^\(Qy2)t\ 2 dxdt + C 4 [ T [ 9 2 (Xfi 2 ^\Vy 2 \ 2 + X 3 ^ 3 y 2 2 )dxdt 
Jo Jn 2 ° Al P Jo Jn 2 

n n r T r _ n (4.24) 

9 2 a t V ~a^y 2 y 2 , Xi v j dSdt -2 / 2 V a^y^y^dSdt 

nn n 
(A(^ 2 + ^)# 2 ^ ^ ~a l3 ~a u ~$ x J> Xl y %Xl y 2 v i dSdt, 
i,j=i k,e=i 

where we have used the fact that z/(x) = — z>(:r) on S. 
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By (4.23)-(4.24), we find that for all /z > max{/ii, /i 2 , jLt 3 , /i 4 } and A > {Ai, A 2 , A 3 , A 4 }, 

C I [ 8 2 f 2 dxdt + C\ 3 ^ [ [ 2 tp 3 y 2 idxdt 
Jo Jfix Jo Junn, 



I fix Jo Junfix 

+C f [ 9 2 f 2 dxdt + CA 3 // / / ~Q 2 q?y\dxdt 

Jo Jfl 2 Jo Juj^fl 2 

rT r rT 

> 



f f ^M 2 ^ + min(C 2 ,C 3 ) / / e 2 (X^ip\W yi \ 2 + X 3 fiYyl)dxdt 

Jo J fix 8A ^ Jo J fix 



+ f T [ ^\ih2)t\ 2 dxdt + cJ T [ ~6 2 {\^v\Vy 2 \ 2 + \^ A fy 2 2 )dxdt 

Jo Jfl 2 8A( ^ JO Jfl 2 

9 2 a t V {a l] yi y hXi - a ij y 2 y 2 , Xi )v j dSdt 
ij=i 

fT f n 

+2 Q 2 J2 (^VhxiVht - a ij y 2 , Xt y2,t)vjdSdt 



Js 



T 



nil, lb 
i,j=i k,e=i 

(4.25) 

From the transmission condition on S and the property of the weight functions <fi and <j), 
for any a > 0, we conclude that 

2 a t V] (a lJ yiyi, Xi - a %3 y 2 y 2 ^VjdSdt 
<J=i 

nn n 
2 a t [(2/ 2 +Pi)(Yl d ij y2, Xi Vj + y^ ij V2, Xi y^ dSdt 

i,j=i i,j=i 

2 a t (f3 1 V Wy^Vj + y 2 (5 2 + fafojdSdt (4.26) 

V d ij y 2 , Xl v j dSdt - a\/i 2 / / V 6 2 y 2 2 dSdt 
i,j=i ^° ^ 5 
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Also, 



9 2 V (a t3 y hXi y ht - ~a l3 y 2 , x% y u )vjdSdt 
- i,j=i 

nn n 
92 [( E Wy^M + a) (2/2 + A)* - E ^ 
i,i=i i,j=i 

I 1 92 \ E ^ j y^A,t + fcy2,t + fopJ dsdt 

Jo Js L iJ=1 J 

# 2 [ E <? j y2*i"A,t - + 2Aa t /3 2 )2/ 2 + /3 2 /3 M 



r-T 

'0 




*J=1 



> 



n P-L P 
2 E a ij y 2 , Xi u j /3 lit dSdt - a\/2 2 / / ip9 2 y 2 2 dSdt 



and 



(Ac/? 2 + y?)# 2 E ^ [a^a^V^^yi^yi-S^a^^^^^.^]^^^ 

(a^ 2 + y^ 2 E * M KK [( E + A) + A) 

fc/=l ij=l 



dSdt 



(4.27) 



< 



(a^ 2 + y^ 2 E a *W*< ( E ~ aij y^A + P2V2 + PA)dSdt 

k,£=l i,j=l 

Xfi 2 [ [ (Ac/? 2 + V )9 2 V a u <t> Xk 4> Xi V a i3 y 2iX M j p 1 dSdt + aA^ 2 / / V 2 y 2 2 dSdt 
J ° J s fc / =1 i.-=i ^0 ./s 



r-T 



(4.28) 
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Now, for any a > 0, from (4.25)-(4.28), we conclude that 

C I [ 6 2 f 2 dxdt + CA 3 /i 4 / / Q 2 ^y\dxdt 
Jo Jiii Jo Juinrii 




+C I / 6 2 f 2 dxdt + CX*n 



3, ,4 



+c 



'o Jn 2 




6 2 (f 3 y 2 dxdt 




o J s 



o Juinfi2 

r 

Aa t ft + ft,* - 2A/i 2 (A(^ 2 + y>) ^ a 



ft] E a l3 yi,xiVjdSdt 

k,e=l i,j=l 



+aX^ 2 [ [ 6 2 py 2 2 dSdt + CX [ [ 2 (-^\a t \ 2 f3 2 + \a t p 1 p 2 \)dSdt 
Jo Js Jo Js WjiV y 

+c / T / ^ 2 (— Vi^I' + I^mO^ + c^aV / T / #W/3 2 2 + |ftft|)c^ 

Jo is WA/x-V / Jo Js 

^11 ^-0 2 \y u \ 2 dxdt+ f [ e 2 (\fi 2 i P \Vy 1 \ 2 + X :i ijVy 2 i)dxdt 
Jo JQi A( P Jo J Si! 



+ 



-^9 2 \y 2)t \ 2 dxdt + 
'o Jn 2 V 




r-T 




2 (A/rV|V?/ 2 | 2 + X 3 fj, 4 <p 3 yl)dxdt. 



o Jn 2 



(4.29) 



S'tep 4- By the trace theorem, it is clear that 



/ / 6 2 py 2 2 dSdt = [ \9^y 2 \ 2 L ,, s) dt< [ \e^y 2 \ 2 L2{r2) dt 
Jo Js Jo Jo 



< C I \6y/w2\H H r,)dt < C 




(4.30) 



9 2 {p\Vy 2 \ 2 + X 2 ^ 2 ^y 2 2 )dxdt. 



o Jn 2 



On the other hand, since ft G L 2 (0,T; //i(5))n// 1 (0,T; ^(5)), by means of the reverse 
trace theorem, one can find a function S G L 2 (0, T; H 2 (Q 2 )) n ^(0, T; if 1 ^)) such that 



-Is 



ft, -|r 2 \5 = 0. 



(4.31) 



Clearly, 



6 2 Xa t E + E t - 2Xfi 2 (X^ 2 + ^ 

n 

= fl 2 [Aa t S + Si - 2A/i W + (p) ]T a H 0^s] 

fe,€=i 

n n 



»J=1 



fc,«=i 



}. 



(4.32) 



n n 



fc/=i 
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Hence, by (4.32) and (1.4), and noting (4.31), we obtain that 

/T p n n 

/ 6 2 + fa tt - 2X^ 2 (X V 2 + ""KKPi] J2 a^^jdSdt 

J s k,e=i i,j=i 

n 

Xa t E + E t - 2Xfi 2 (X(p 2 + (p) d M kJ. 

k,e=i 

ft 6 2 \x& t ~ + ~ t -2X^(X^ + &J2a 
Jo Jn 2 L k/=l 

/ / E \ X ^ E + S * " 2A^ 2 (A(^ 2 + <p) J2 a u ^ x J xt E] } 
J ° J ^ i,j=i 1 L k,t=i J J x 



r 

o Jn 2 

T 



f 2 dxdt 
y 2 , t dxdt 



+ 



<C f [ 9 2 f 2 dxdt+ [ I -—9 2 \y 2tt \ 2 dxdt+ , 
Jo Jn 2 ' Jo Jn 2 *X(p 2 



a iJ y 2 , Xi dxdt 



+CX 



0<P*Pi,t 



H?(S) 



9ip2\a t \Pi 



a + aV 4 

ffi(S) 



-/£} 2 



(4.33) 

By (4.29), (4.30) and (4.33), the desired estimate (4.2) follows. This completes the proof 
of Theorem 4.1. □ 



5 The case of time-dependent diffusion coefficients 

In this section, we consider the general case of time-dependent diffusion coefficients. 
For any parameters A > and fj, > 0, let 



(t-t t )(u +1 -ty 



a 



<P 



(t - t e )(t t+ i - t) 



, a 



(t-t e )(t e+1 -t) 

e fJ-4> _ e f x i\^\L°°((t t ,t e+1 )xn 1 )+\^\ho°(n 2 )) 



9 e = e> 



(t ~ t t )(t t+1 - t) 



where tt, <jr (£ — 0, 1, • • • , L — 1), L and (j) are given in Lemma 3.1. We have the following 
global Carleman estimate for solutions to the equation (1.4). 

Theorem 5.1 Assume that (1.1)— (1.3) and (1.6) hold. Then, there exists a ^ > such 
that for any n > fi 5 , one can find a A 5 = A 5 (/x) > so that for any X > A 5; and each y® 
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(i = 1,2), fi and satisfying (1.5), the corresponding solution to (1.4) satisfies 



rh+i r 



C 

+c 

+CX 



'l+l 



tt 



6 e \ 2 f 2 dxdt + C\ 3 fi 4 

\e e \ 2 fldxdt + cx 3 n 4 



te+i 



te 



SI, 



[ \e e \ 2 \<p e \ 3 y 2 dxdt 
\9 e \ 2 \^\ 3 y 2 2 dxdt 



te 



te+i 



+C 

*t t+1 



te 



ffi(S) 



+ X 2 



-(3 2 dSdt + 



a + aV 4 

ffi(S) 



|& >t | a dS'd* + C , AV 



A/i(/9 f 



Jt e Js 



dt 

e e W\ 3 /3 2 2 dSdt 



> 



it: 



9 l \ 2 \y u \ z dxdt + 



3..4i £|3„.2\ 



+ 



fte+i r i 

Ju Jn 7 



9 i \ 2 \y 2 ^dxdt + 



ite Jn 2 
where i — 0, 1, • • • , L — 1. 



#T( W £ |v?/ 2 | 2 + AVl^l 3 y|)d^*, 



(5.1) 



Proof. Replacing the time interval [0,T] and weight functions 0, ip, a, 9, (p, a and 9 
(used in the proof of Theorem 4.1) accordingly by [t^,t^ + i], <p e , <//, a 1 , 9 l , Cp l , a 1 and 9 l , we 
obtain a proof of Theorem 5.1 (Hence we omit the details). □ 

Remark 5.1 The estimate (5.1) is global in space but it is only 11 semi" -global in time. 
Nevertheless, from (5.1), it is enough to establish the usual observability for the equation 
(1.4) (and hence to prove the null controllability of parabolic equations with discontinuous 
and anisotropic diffusion coefficients) . On the other hand, summing up the inequalities in 
(5.1) with respect to t from to L—\, one can obtain easily a global (both in time and space) 
Carleman estimate for the equation (1.4). 

Finally, we shall give a Carleman estimate (local in space but global in time) for the 
equation (1.4). For this purpose, we recall that, by [4, Lemma 1.1, p. 4], one can find a 
function 6 G C 2 (f2 2 ) satisfying (3.1) and a function 6 G C 2 {Vti) such that 



4> > o 

6 = 



in 

on r l5 



(5.2) 



|V0| > in Q 1 



Without loss of generality, we may assume that colDS — (i — 1,2). Since S is C 2 , we may 
extend both a lj and d lj (1 <i,j< n) to be C 2 functions on [0,T] x O £0 (S) (Here e is small 
enough such that the corresponding conditions like (1.2)-(1.3) are satisfied on [0, T] x O eo (S) 
and oJj fl O eo (S) = ), and still denote by a y and a 1 ^ accordingly the extended functions. 
Likewise, we extend both 6 and 6 to C 2 functions on O £0 (S). 
Let 



1/2 1/2 



(5.3) 
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For any parameters A > and /i > 0, put 



t(T - t) ' 



t(T - 1) ' 



a 



a = 



H<j>r _ € P-{\^r\h'^((0,T)xO eo (S)) + \4>f\L°°((0,T)xOe (S))) 

t(T - t) ' 

ofJ-4>r _ e ^(\4>r\L°°((o,T)xO eo (S)) + \<t > r\L°°((o,T)xO eo (S))) 

t(T - t) ' 



6 = e 



= e x& . 



(5.4) 



We have the following local (in space) Carleman estimate for solutions to the equation (1.4) 
(Here we consider only the case of Carleman estimate which is locally in a neighborhood of 
the interface S). 

Theorem 5.2 Assume that (1.1)— (1.3) and (1.6) hold. Then, there exist a neighborhood 
0(S)(c O eo (S)) of S and a /i 6 > such that for any \i > /iq, one can find a Xq = XeifJ,) > 
so that for any A > A6, and each t/f (i = 1,2), fi and satisfying (1.5), if the corresponding 
solution to (1.4) is supported (in space) in O(S), then 



C 



6 2 f 2 dxdt + C 



Jfl^OiS) 
T 



6 2 f 2 dxdt 



o Jn 2 no(s) 



+CX 

+C J 







i.t 



H 2 (5) 



+ x 2 



3 + AV 

H 5 (5) 



dt 



2 \a t \ 



o Js W 



-PidSdt 



o Js 

T 



Xflif 



\(3 2 , t \ 2 dSdt + CX 3 fi 3 [ [ 9 2 ip 3 ^dSdt (5.5) 
Jo Js 



> f f -^-6 2 \y ht \ 2 dxdt+ [ [ 9 2 (X{i 2 <p\Vy 1 \ 2 + X 3 ^ip 3 y 2 1 )dxdt 
Jo idnO(S) Xtp ' J JnxnoiS) 



+ 



f f - 

Jo Jn 2 no(S) ^V 9 



9 2 \y2t\ 2 dxdt + 



ff 

Jo Jn 



e 2 (XpL 2 <p\Vy 2 \ 2 + X*fj,*<p 6 yl)dxdt. 



n 2 no{s) 



Proof. It is clear that <pr = <frr = on [0, T] x S. Also, by (5.3) and the fact that 
4> = (ft = on S, it follows that 



>I""l'."-),!or). r ^ 

i,j=l ij=l 



on [0,T] x 5. 



By (3.1), (5.2) and (5.3), it is easy to see that ^ < and > on [0,T] x S. 
Hence, one can find an e\ G (0, Sq) and a constant Co > such that 

|V(0r)| > c , |V(0f)| > c in [0,T] x £l (S). 

We choose 0(5) = £l (S). 

Now, replacing the space domains Qi (i = 1,2) and the weight functions <f> and <p (used 
in the proof of Theorem 4.1) accordingly by Jl, fl O(S), 4>r and 0f, we obtain a proof of 
Theorem 5.2 (Hence we omit the details). □ 
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